Abstract For two complex vector bundles admitting a homomorphism with odd-dimensional sphere singularity between them, we give a formula to compute the relative Chern characteristic number of these two complex vector bundles. As a consequence, for the spin manifold admitting some bundle strucutre, we give a formula to express the index of twisted Dirac operator by using localization method.
Introduction
In this paper, we regard the relative Chern character as the following map where E + and E − are two complex vector bundles of the same rank, and v is a complex linear homomorphism between the two vector bundles which is isomorphic on M \ U . If we assume that U is a neighborhood of a closed submanifold Y , then by homotopy deformation, we can assume that the singularity of v(i.e. the set of points where v is not isomorphism) is a closed submanifold Y without of loss of generality.
The action between relative Chern character class ch(E + , E − , v) and the fundamental class [M ] is equal to ch(E + ) − ch(E − ), [M ] . Here we call it relative Chern character number.
It is clear that the relative Chern character number depends on the neighborhood of the submanifold Y , however the explicit relationship between the relative Chern character number and the neighborhood is not clear.
The notion of super-connection was introduced by Quillen [13] , as a generalization of the notion of connection to the category of Z 2 -graded vector bundles with odd endomorphism. By the super-connection method, in different conditons the relative Chern character number can be localized to the different topological terms.
2) When M and Y are closed complex manifolds and Y ֒→ M is an holomorphic embedding. Bismut(1990) gave several estimates of the convergence of the relative Chern character w.r.t. deformation variable of the super-connection, under some assumptions("quantization assumption" [6, Section 1 a. Assumptions and notaions]). And such estimate implies the localization of the relative Chern character number to some topological invariants of Y .
In this paper, we assume that M is a closed oriented 2n dimensional manifold. Let v be a homomorphism between two complex vector bundles E + , E − with the same rank. We suppose that v satisfies the following basic assumption. Assumption 1.1 Suppose there are finite imbedding ι i :
• the normal bundle of each S 2ki−1 is trivial,
• the image of these imbedding are mutually disjoint, i.e.
We suppose that the singular point set of v, denoted by Sing(v), to the union of these images, i.e. Sing(v) = 1≤i≤l Im(ι i ).
For the convenience, we also use S 2ki−1 to represent the Im(ι i ). Let N (S 2ki−1 ) denote the tubular neighborhood of S 2ki−1 , by the hypothesis,
where D 2n−2ki+1 denotes the standard unit 2n − 2k i + 1 dimensional ball. The boundary
The idea to localize the relative Chern character number is to use the odd Chern character on the product sphere, i.e. S 2ki−1 × S 2n−2ki .
In Feng, Li and Zhang's paper [8] , if the Sing(v) consists of the finite points on M , then the relative Chern character number is related to the v restricted on the boundary of D(p). That is to say the homomorphism map
where D(p) denotes a small ball in M , determines a number in K 1 (S 2n−1 ), which was showed in Getzler's paper [9, Section 1,P. 492] and was denoted by deg(p). By a similar method and homotopy exact sequence, we will see that the homotopy map
also determines a number, which we denote by deg
The main theorem of this paper is:
Suppose M is an oriented closed 2n-dimensional manifold and under the assumption 1.1, the following formula holds
The direct application of the above formula is to localize the index of twisted Dirac operator for some spin manifold with some vector bundle F .
To be more specific, suppose M is closed 2n-dimensional spin manifold admitting the odd dimensional sphere bundle structure, and the homomorphic map v between a trivial vector bundle(i.e. E + is trivial) and another vector bundle F (E − = F ). Moreover, we assume that the homology class [Sing(v)] belongs to the torsion part of H * (M ; Z). Let D ⊗F be the twisted Dirac operator, i.e. Dirac operator of the F tensered spinor bundle. Then, the index can be localized as follows
The organization of the paper is as follows:
In Section 2, we review some properties odd Chern characteristic class. In Section 3, we show the local calculation near the singularites. In Section 4, we give the proof of the Main Theorem in this paper. In Section 5, we will see how to apply such formula to localize the index of the twisted Dirac operator on some special spin manifold.
Review of odd Chern character
Let X be a closed manifold. We recall the notion of odd Chern character given by Getzler [9, P.490-495] . If ∇ 0 and ∇ 1 are two connections on a commplex vector bundle E, their Chern-Simons form is the differential form of the odd degree
where
By the projection [0, 1] × X → X, we can define the connection on the product space
The odd Chern character is a closed differential form of odd degree, given by the formula
Proposition 2.3 (cf. [9, Proposition 1.3]) Ch(g t ) can be expressed by the formula
and satisfies the transgression formula
The above lemma says that the cohomology class [Ch(g)] depends only on the homotopy
where deg top (g) denotes the topological degree of the homotopy class [g] ∈ π 2k−1 (GL N (C)).
In this paper, we denote the integral
3 Local calculation on singularity
Now we consider the local model of each S 2ki−1 . To simplify the notation, we drop the
The following technique is well-known in the homotopy theory, which will be applied to split the elements in [
has a representation as a matrix product of two mappings f :
Proof By the cofibration sequence,
where the first map denotes the attaching and the forth map denotes the suspension, therefore null-homotopic. Let p = 2n − 2k and q = 2k − 1, we have the exact short sequence
Since π 2n−2k (GL N (C)) = 0, hence we can find a homotopic equivalent map
where q is a fixed point in S 2k−1 .
Fixing a point p in S 2n−2k , we set f = g 1
-homotopy in the above exact sequence, hence it equals to a map h :
By the lemmas 2.4 and 3.1, we can calculate the integral on the product space.
where h is the map from the sphere S 2n−1 as in the above lemma.
Here, we denote the integral
Proof We denote the smashing map
by φ and the canonical projection
by pr 2 . By the lemma 3.1, we can find a representation g :
where f ∈ π 2k−1 (GL N (C)) and h ∈ π 2n−1 (GL N (C)) respectively. It is sufficient to show that the integral is independent on the map f . Note that GL N (C) ֒→ GL 2n (C), the image of pr *
which is homotopic to
Moreover, we know that 2k − 1 < 2n − 1 and the differential form f is just on the S 2k−1 component, so the integral S n−2k ×S 2k−1 Ch(f ) = 0. Thus the integral (3.1) equals to
Proof of the Theorem 1.2
Without loss of generality, we can suppose the rank of E ± is arbitrary large, if necessary we can take direct sum with some trivial bundle on E + and E − .
Let E = E + ⊕ E − be the Z 2 -graded complex vector bundle over M . Choose two unitary connections ∇ E+ and ∇ E− on E + and E − respectively, such that near a small tubular neighborhood of the singularity Sing(v), the connections are both trivial. Let ∇ E = ∇ E+ ⊕ ∇ E− be the Z 2 -graded connection on E.
Let v : E + → E − extend to an endomorphism of E, by acting as zero on E − . Let v * : E − → E + be the adjoint of v w.r.t. the Hermitian metrics on E ± respectively. Set
V is an odd endomorphism of E and V 2 is fiberwise positive over M 1 .
For the convenience of the computation, we define a function ϕ :
where α is a differential form of degree k. For any T ∈ R ≥0 , let A T be the superconnection on E, in the sense of Quillen(cf. [13, Section 2]), defined by
Let ch(E, A T ) be the associated Chern character form defined by
By the straightforward calculation, one can derive the following lemmas. 
For T > 0, we set The following identity holds,
Proof(of the Theorem 1.2) For any x i , since when restricted on the ∂N (S xi ), the homomorphism v has deformed to be unitary, we get that v * = v −1 and V 2 is the identity map acting on E | ∂N (Sx i ) . Also, since ∇ E is trivial over N (S xi ), hence we can choose a local trivial connection denoted by d. And on N (S xi ), one gets
Then, on each component of the singularity Sing(v), we have 
Thus, we have
Hence,
The last equality follows from the formula (3.1). And, take the sum of each components, we have the main formula.
At the end of this section, we see that the above argument can be also applied to case , Sing(v) is a set of finite points. In other words, we generalize Feng, Li and Zhang's result to high dimensional singularity case. Let M be a closed, oriented smooth manifold of dimension 2n, and E + , E − be two complex vector bundles with same rank. Given a homomorphism v ∈ Γ(hom(E + , E − )), whose singularity set consists of finite points of M , then
where deg(v p ) denotes the degree of the map v ∂B(p) : E + ∂B(p) → E − ∂B(p) .
An application to the index of twisted Dirac operator
In this section, we assume the M is a spin manifold, and satisfies the following assumption. 1) M is locally trivial, i.e. each x ∈ B having small neighborhood U (x) in B, such that π −1 (U (x)) is diffeomorphic to U (x) × S, we denote the fiber over x ∈ B by S x , 2) S is diffeomorphic to the odd dimensional sphere S 2k−1 .
Moreover, we suppose that homology class of Sing(V ) belongs to the torsion part of the H * (M ), i.e. [Sing(v)] ∈ T or(H * (M ; Z) ). Then, we show that the index twisted Dirac operator can be localized to the relative Chern character number.
We need the follwoing lemma to show the proof. Let E := C r ⊕ F be the Z 2 vector bundle.
We need to show that
Since we can writeÂ
where R T M denotes the curvature of T M and β denotes the high degree form part.
We show the more general formula,
where ω 0 denotes the 0-degree part of the form ω. Find a cut-off function ρ whose support locates in N . By the former lemma ,we know that there exists a form α whose support locates inside N such that ρ · ω * = dα, where ω * denotes ω − ω 0 .
by the vanishing property of (4.6) and ρω = dα we can say the above formula equals 0. So, Even though, in this paper we often consider the odd-dimensional singularity case, at the end of this paper, we see a special even-dimensional singularity case. Proof Since n ≥ 3, any complex line bundle on S 2n−2 is trivial. We can choose a connection of L, such that near S 2n−2 it is trivial. M is oriented, we can say each normal bundle of S 2n−2 i is also orientable, hence it admits a complex structure by SO(2) ∼ = U (1), which means it also trivial. So, the tubular neighborhood of S 
